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Abstract 

The paper is devoted to introduce a new category, called strong coarse shape cat- 
egory for topological spaces, SSh*(Top), that is coarser than strong shape cate- 
gory SSh(Top). If the Cartesian product of two spaces X and Y admits a strong 
HPol*-expansion (HPol*-expansion), which is the Cartesian product of strong HPol*- 
expansions (HPol*-expansions) of these spaces, then X xY is a product in the strong 
coarse shape category (coarse shape category). As a consequence, the Cartesian 
product of two compact Hausdorff spaces is a product in the coarse shape and strong 
coarse shape categories. 
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1. Introduction 

F. W. Bauer pyf was the first to define and study strong shape for arbitrary spaces. 
Recently, N. Ugleic and N. Bilan jsf have extended the shape theory by constructing 
a coarse shape category, denoted by Sh*, whose objects are all topological spaces. Its 
isomorphisms classify topological spaces strictly coarser than the shape does. The 
shape category Sh can be considered as a subcategory of Sh*. The shape and coarse 
shape coincide on the class of spaces having homotopy type of polyhedra. 

In this paper, we take inspiration from these two categories and introduce in 
Section [2] the strong coarse shape category SSh*(Top), that is coarser than strong 
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shape category SSh(Top). 

Keesling in 1974 jsj proved that if X and Y are compact Hausdorff spaces, then 
X X y is a product in the ordinary shape category. Also, Mardesic in 2004 
investigated on the product in the strong shape and showed that if X x Y admits a 
strong expansion, then X xY is a. product in the strong shape category. In particular 
the Cartesian product of two compact Hausdorff spaces is a product in strong shape. 
In Section [3l we study the existence of product in the coarse shape and strong 
coarse shape categories. We prove that if the Cartesian product of two spaces X 
and Y admits a strong HPol*-expansion (HPoP-expansion), which is the Cartesian 
product of strong HPol*-expansions (HPor-expansions) of these spaces, then X xY 
is a product in the strong coarse shape category (coarse shape category). As a 
consequence we show that the Cartesian product of two compact Hausdorff spaces 
is a product in the coarse shape and strong coarse shape categories. Moreover, we 
show that the shape groups and the coarse shape groups commute with the product. 

By the fact that every inverse system is isomorphic to a cofinite inverse system [sl. 
Remark 1.1.5], in this paper every inverse system is assumed to be cofinite inverse 
system. 



2. The strong coarse shape category 

In this section we define the strong coarse shape category for topological spaces, 
denoted by SSh*(Top) that is coarser than the strong shape category SSh(Top). The 
objects of this category are topological spaces. To define its morphisms similar to 
strong shape morphisms, one needs the coarse coherent homotopy category CCH 
which define similar to the coherent homotopy category CH. For the sake of com- 
pleteness, let us briefly recall the well known notions and main facts concerning the 
coherent homotopy category and the strong shape category (see 

Let HTop be the homotopy category of topological spaces, then the objects of the 
coherent homotopy category are inverse systems in HTop. To define its morphisms, 
for a pre-ordered set M, we consider the sets of all increasing (m+l)-tuples 
/2 = (/io, • • • , fJ^m), m > 0, where fii & M and f^o < . . . < /im- We call /i is a multiindex 
of length m. We also define face operators di^ : Mm Mm-i, j = 0, . . . ,m, m > 1 
and degeneracy operators sl^ : Mm Mm+i, j = 0, . . . , m, m > by putting 

dinif^O, ■ ■ ■ , fJ'm) = (/^O, • • • , Z^j-l, f^j+l, ■ ■ ■ , (^m)i 
"5m (/^O, • • • , ^^m) = (/^O, • • • , ^-j-, fJ'j, + • • • , f^m) ■ 
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Also we consider face operators dj^ '■ A"* ^ — >■ A"*, j — 0, . . . ,m, m > 1 and degen- 
eracy operators : A"^'^^ — >■ A"*, j — 0, . . . ,m, m > by 




A coherent mapping f : X = [Xx/pxy, A) — > Y = (F^, g^^/, Af ) is a map which 
consists of an increasing function / : M — )> A and of mappings : x A"^ 

F^o, where ft = (/xq, A*i, • • • , A^m) e such that 



A coherent homotopy from X to Y is a coarse coherent mapping F = (F, Fp) : X x 
/ — )■ Y where X x / = {Xx x I,px\' x 1, A). F connects coherent mapping f = (/, fp) 
to f = (/', /^), denoted by f ~ f, provided F > fj' (i.e. > /(//), /'(//) for all 

// e M) and for all x E XF(^^),t e A"^, 



A morphism in the coherent homotopy category is the homotopy classes of co- 
herent mapping f which is denoted by [f]. 



In order to define the composition h = gf = {h, hp) : X — > Z of coherent mappings 
f = (/, //z) : X -> Y and g = {g, gp) : Y ^ Z ^ {Z^,r„^>,N), one decomposes A*" 
into m + 1 subpolyhedra P™ = A' x A'^~\ < i < m where t = {to, ...,tm) e -P/", 

WoVidedY!j'2otj<\<Y.]=o'tr 

Also there exist affinc homcmorphisms : — )■ A™~* x A* given by mappings 
: i^™ ^ A— ^ and 6™ : i^"^ ^ A' by ar(t) = (1 - 2(^^+1 + ... + t^), 2^+^, 2tJ, 

b^{t) = {2to, 2ij_i, 1 - 2(^0 + ... + ij-i)). We now put fg : N ^ A and define 
: Xh{^^) X A"" ^ for i7 = (i/Q, i^m) e A^m and t e by putting 



The composition of homotopy classes of coherent mappings is defined by compos- 
ing their representatives, [g][f] = [gf]. 




ffji{x, Sjt) fsjfi{x,t) 



< j < m. 



Fp{x,0,t) = ffi{Pfi^^)Fi^^){x),t) 

Ffi{x, l,t) = f'p.{Pf'{,Xm)F{,Xm){x),t). 



hp{x,t) = gu^y..vXf9{Ur)-9{l^n.){x,af{t)),hf{t)). 
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Now, we define the coherent functor C : pro — Top — )■ Cif as follows: 
Put C(X) = X if f = (/, /^) : X — 7- Y is a morphism in pro- Top, put C(f ) = [(/, /^)] 
where : Xj^^^) x A™ ^ Y^^ is defined by 

Mx,t) = /MoP/(Mo)/(Mm)(a;)- 

Also, we define the forgetful functor S : CH — )■ pro — HTop. Put £^(X) = X and 
if f = (/, ffi) : X — )■ Y is a coherent map, then £{J) to be the homotopy class of the 
(/,^J:X^Y. 

Now, let us to recall some of the main notions concerning the coarse shape cat- 
egory and the pro*-HTop (see ^). Let X = (Xa,Paa',A) and Y = (y^,g^^/,M) be 
two inverse systems in HTop. An S* -morphism of inverse systems, (/, /^) : X — )■ Y, 
consists of an index function f : M ^ A and of a set of mappings : -^/(^) — ?■ Y^, 
n E N and /i G M such that for every related pair fi < fi' in M there exists A G A, 
A > /(/^), f{l^'), and there exists an n G N so that, for every n' > n, 

The composition of S*-morphisms (/, /^) : X — t- Y and {g, g^) : Y — t- Z = 
{Zy.Tijyi , N) is a S*-morphism {h,K^) = {g, gv){f , f^) : X — )■ Z, where h = fg and 
^" = g^fgi^y)- The identity S* -morphism on X is a S*-morphism (1a, 1^^) : X — )■ X, 
where 1a is the identity function and 1^^ = Ix^^ for all n G N and A G A. 

A S*-morphism (/, /^) : X — )■ Y is said to be equivalent to a S*-morphism 
(/', f^) : X ^ Y denoted by (/, f^^) ~ (/', f^) provided every G M admits A G A 
and 72 G N such that A > /(/x), /'(/i) and for every n' > n, 

fJl'PfMx - fT'Pf'Mx- 

The relation ~ is an equivalence relation. The category pro*-HTop has as objects all 
inverse systems X in HTop and as morphisms all equivalence classes f* = [(/, /^)]. 
The composition in pro*-HTop is well defined by putting 

g*r = h* = [{h,h:)]. 

In particular if (X) and (Y) are two rudimentary inverse systems of HTop, then 
every set of mappings /" : X — )• y, n G N, induces a map f* : (X) — )• (Y) in 
pro*-HTop. 

Let p : X — X and p' : X — X' be two HPol-expansions of the same space 
X in HTop, and let q : F — )■ Y and q' : F — ?■ Y' be two HPol-expansions of the 
same space Y in HTop. Then there exist two natural isomorphisms i : X — )■ X' and 
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j : Y ^ Y' in pro-HTop. Consequently i* = J{i) : X ^ X' and j* = J{i) : Y ^ Y' 
are isomorphisms in pro*-HTop ( where J : pro — HTop — > pro* — HTop is a functor 
that J(X) = X and = [(/,/;)], where /; = for all n E N). A 

morphism f * : X — )> Y is said to be equivalent to a morphism f * : X' Y', denoted 
by f* ~ f'*, provided the following diagram in pro*-HTop commutes: 

X X' 

f* f* (1) 

Y Y', 

Now, the coarse shape category Sh* is defined as follows: The objects of Sh* are 
topological spaces. A morphism F* : X ^ Y is the equivalence class < f * > of a 
mapping f * : X -)■ Y in pro*-HTop. 

The composition of F* =< f* >: X Y and G* =< g* >: Y ^ Z is defined 
by the representatives, i.e., G*F* =< g*f* >: X ^ Z. The identity coarse shape 
morphism on a space X, 1*^ : X ^ X, is the equivalence class < Ix > of the identity 
morphism 1^ in pro*-HTop. 

In the following we introduce the coarse coherent mapping. 

Definition 2.1. Let X = {Xx,pxy, A) and Y — {Y^, qn^r , M) be inverse systems in 
HTop. A coarse coherent mapping f* = (/, /?) : X — )> Y consists of an increasing 
function / : M — )> A, called the index function and of a set of mappings f^ : A"j(^j,^) x 
_^ Y^^^ where n E N and p, = {/iq, /^i, . . . , /x^) e M^, such that there exists n G N 
so that, for every n' > n, 

f;i'{x,djt)= h^.{x,t) 0<j<m, (2) 

fi{x,s,t)^f%{x,t) 0<J<m. 

If X and Y are inverse systems in HTop over the same index set A and f — 1a, 
then (1a, /£) is said to be a level coarse coherent mapping. 

Lemma 2.2. With the notation and assumptions of the first of this section, let 
f* = (/, /^) : X ^ Y and g* = {g, g^) : Y ^ Z be coarse coherent mappings 
of inverse systems. Then h* — (h, hp) : X — )■ where h — fg : N ^ A and 
: Xh(^^) X A"" ^ Z^^, n e N, P e Nm is given by 

K{x,t) = <....,(/,V,)...,(.^)(a;,ar(t)),6r(t)), 
is a coarse coherent mapping. 
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Proof. Taking into account the construction of hp and coarse coherent properties of 
and Qp, this lemma is obvious. □ 

The above lemma enables us to define the composition of coarse coherent map- 
pings of inverse systems. If f * = (/, /^) : X — )■ Y and g* = {g, g^) : Y — )■ Z are 
two coarse coherent mappings of inverse systems, then g*f* = h* = h^) : X — t- Z, 
which is define in Lemma 12.21 This composition is associative. 

Definition 2.3. A coarse coherent homotopy from X. to Y is a coarse coherent 
mapping F* = {F.FJl) : X x / Y where X x / = {Xx x I^pw x 1,A). F* con- 
nects coarse coherent mappings f* = {f,fp) and f* = {f',f'p), denoted by f* ~ f* 
provided F > f,f' and there exists n E N such that for every n' > n and for all 

F^'{x,0,t) = f^'{pf^,^)F^,^){x),t) 
F;^'(x,l,t) = /-'(p;,(,^)^(,^)(a;),t). 

A morphism in the coarse coherent homotopy category is the homotopy classes 
of coarse coherent mapping f* which is denoted by [f*]. 

Lemma 2.4. Homotopy of coarse coherent mappings is an equivalence relation. 

Proof. Reflexivity and symmetry are obvious. To prove transitivity, assume that 
F'* = {F'.F'J") connects f* to f* and F"* = (F", F^'") connects f* to i"* . Let 
F : M — )■ A be an increasing function such that F > F', F" . We define FJ^ : 
^F(Mn) X J X A"^ ^ F^o, /i e Mm, by 



F;riPF'MFM{x),2s,t) 0<s< 1/2, 

F;i''iPF"i,^)Fi,^)ix),2s - 1/2 < s < 1. 



Then F* = {F,FJl) is a coarse coherent homotopy, which connects f* to f"*. □ 

The following lemma has a similar argument to the proof of Theorem 2.4]. 

Lemma 2.5. Let f*, f * : X — t- Y and g*, g'* : Y — )■ Z 6e coarse coherent mappings. 
Ifi* ~ f* and g* ~ g'*, then g*f* ~ g'*f'*. 

By Lemmas 12.41 and 12.51 we can define the composition of homotopy classes of 
coarse coherent mappings by composing their representatives, [g*][f*] = [g*f*]- 
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Let us define functors C* : inv — Top — t- CCH, C* : pro — Top — t- CCH, C* : 
pro* — Top —7- CCH, called the coarse coherent functors. Put C*(X) = X, for every 
inverse system X in Top. If f is a map, put C*(f) = [(/, /^)], where 

fn{x,t) = /;^oP/(Mo)/(Mm)(a^) = ft^oPfMfMix)- 

Therefore if f : X — )■ Y is an isomorphism in pro- Top, then C*(f) is an isomor- 
phism in CCH. Also, we define the forgetful functor S* : CCH — t- pro* — HTop as 
follows: Put S*(X.) = X, for every inverse system X in HTop. If [f*] = [(/, /^)] G 

ccif(x,Y),put ^*([fi) = [(/,/;j]. 

Also, we define the functor J'* : CH — )■ CCH by J'*{'X.) = X, for every inverse 
system X in HTop. If [f] = [(/, /^)] G C/J(X,Y), put J*([f]) = [f*] = [{fj^)] e 
CCif (X, Y), where for every n G N, /? = for all /2 G M„. 

Now we are ready to introduce the strong coarse shape category. First, we Recall 
that an equivalent definition of a strong HPol-expansion of X. A map p : X — )■ X is 
a strong HPol-expansion of X provided, for any inverse system Y in HPol and any 
morphism [h] : X — )■ Y of CH, there exists a unique morphism [f] : X — )■ Y of CH 
such that [h] = [f]C(p) (see [3]). Now, let p : X ^ X and p' : X ^ X' be two 
cofinite strong HPol-expansions of the same space X in HTop, and let q : F — > Y 
and q' : y — )■ Y' be two cofinite strong HPol-expansions of the same space Y in 
HTop. We know that the maps [i] : X — )■ X' and [j] : Y — )■ Y' are isomorphisms 
in CH, consequently [i*] = J*{[i\) : X ^ X' and [j*] = J*{[i]) : Y ^ Y' are 
isomorphisms in CCH. A morphism [f*] : X — > Y is said to be equivalent to a 
morphism [f*] : X' — t- Y', denoted by [f*] ~ [f*], provided the following diagram in 
CCH commutes: 



X X' 



(3) 



Y Y', 

Now, we define the strong coarse shape category SSh* as follows: The objects 
of SSh* are topological spaces. A morphism F* : X ^ Y is the equivalence class 
< [f*] > of a coarse coherent mapping [f *] : X — )■ Y with respect to any choice of a 
pair of strong HPol-expansions p : X — )■ X and q : F — )■ Y. In other words, a strong 
coarse shape morphism F* : X ^ Y is given by a diagram 

X i X 



(4) 



Y < Y. 
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The composition of F* =< [f*] >: X ^ Y and G* =< [g*] >: Y ^ Z is defined 
by the representatives, i.e., G*F* =< [g*f*] >: X ^ Z. The identity strong coarse 
shape morphism on a space X, 1\ : X ^ X, is the equivalence class < [Ix] > of the 
identity morphism [l^] in CCH. 

We say that topological spaces X and Y have the same coarse strong shape type, 
denoted by SSh*{X) = SSh*(Y), provided there exists an isomorphism F* : X ^ Y 
in SSh*. If there exist strong coarse shape morphisms F* : X ^ Y and G* : Y X 
such that G*F* = l*x, then we say that the coarse strong shape of X is dominated 
by the coarse strong shape of Y, and we write SSh*{X) < SSh*{Y). 

Definition 2.6. Let X be a topological space. A strong HP ol* -expansion of X is a 
morphism p* : X — > X, where X is an inverse system in HPol with the following 
property: 

For any inverse system Y in HPol and any morphism [h*] : X — )■ Y o/ CCH, there 
exists a unique morphism [f*] : X — >• Y 0/ CCH such that [h*] = [f*]C*(p*). 

Remark 2.7. For every map f : X Y in Top and every pair of cofinite strong 
HPol* -expansions p* : X — )■ X and q* : F — Y, there exists [f*] : X -> Y m CCH, 
such that the following diagram in CCH commutes: 



X < 


X 


C-(p*) 




[r] 


f 


Y < 


Y. 


C*(q*) 





(5) 



Thus every morphism f G HTop{X,Y) yields an equivalence class < [f*] > i.e. 
a strong coarse shape morphism F* : X Y . If we define S*{X) = X for every 
topological space X and = F* =< [f*] >, for every map f : X Y , then 

S* : HTop — )■ SSh* becomes a functor, called the strong coarse shape functor. Also, 
we can define the functor S* : HTop — )■ SSh* by S* = J*oS where S : HTop — )■ SSh 
is defined in ^ and J* : SSh — )■ SSh* is induced by the functor J* defined in this 
section. 

Therefore if X and Y have the same homotopy type, then they have the same 
strong coarse shape type. Also, we have SSh{X) = SSh{Y) implies that SSh*{X) = 
SSh*iY). 

Now, we define the functor £* : SSh* Sh* as follows: Put £*{X) = X. If 
F* =< [f*] >: X ^ r is a morphism in SSh*, put £*{F*) =< £*[i*] >. This 
functor implies that if SSh*{X) = SSh*{Y), then Sh*{X) = Sh*{Y) for topological 
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spaces X and Y . Therefore the position of strong coarse shape theory is between 
strong shape and coarse shape. From this fact and resuhs in ^ we have the following 
theorems. 

Theorem 2.8. Let X and Y be topological spaces and let SSh*{X) < SSh*{Y). 
Then the following assertions hold: 
(i) If X is connected, then so is Y . 

(a) If the shape dimension sd{X) < n, then also sd{Y) < n. 
(Hi) If X is movable, then so isY . 

(iv) If X is n-movable, then so is Y . 

(v) If X is strongly movable, then so is Y . 

Proof. Since SSh*{X) < SSh*{Y) implies that Sh*{X) < Sh*{Y), the results hold 
by |2|, Theorem 3]. □ 

Theorem 2.9. Let X and Y be topological spaces and let X be stable. If X and Y 
have the same strong coarse shape type, then Y is also stable. 

Proof Since SSh*{X) = SSh*{Y), so Sh*{X) = Sh*{Y). But X is stable, thus Y 
is stable by 0, Theorem 4]. □ 

Theorem 2.10. Let X be a topological space and let P be a polyhedra. Then 
SSh*{X) = SSh*{P) zf and only zf SSh{X) = SSh{P). 

Proof Let SSh*{X) = SSh*{P), then Sh*{X) = Sh*{P). By g Theorem 5], 
Sh{X) = Sh{P) and so SSh{X) = SSh{P) by ^ Theorem 9.19]. □ 

The following corollary is a consequence of Theorem 12.101 

Corollary 2.11. Let X orY be a stable space. Then X and Y have the same strong 
shape type if and only if they have the same strong coarse shape type. 

The following example shows that, in general, the induced function E*\. : SSh*{X, Y) — ?■ 
Sh*{X, Y) is not injective and the induced function S*\. : HTop{X, Y) — > SSh*{X, Y) 
is not surjective. 

Example 2.12. (i) Let X = {*} and Y be the dyadic solenoid. As in f^. Example 
17.7.2], one can shows that 

card{Sh*{X,Y)) = 1 

while 

card{SSh*{X,Y)) = c. 
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where c is the cardinal number of real numbers M. Consequently, the induced function 
£*\.: SSh*{X,Y) Sh*{X,Y) can not be znjectzve. 

(a) Let X = {*} and Y = {*}U{*}. By a similar argument to f^, Example 7.4], we 
can show that 

card{HTop{X,Y)) = 2 

while 

card{SSh*{X,Y)) = c, 

where c is the cardinal number of real numbers M. Consequently, the induced function 
S*\. : HTop{X,Y) — )■ SSh*{X,Y) can not be surjective. 

3. Products in strong coarse shape and coarse shape 

As it is shown by Keesling in 1974 jsf the ordinary shape category doesn't have 
the product, in general. He also proved that if X and Y are compact Hausdorff 
spaces, then X x F is a product in the shape category. Also, Mardesic in 2004 
|6| showed that X x y is a product in the strong shape category when X and Y 
are compact Hausdorff spaces. In this section, we intend to study the existence of 
products in the coarse shape and strong coarse shape categories. We define an HPol*- 
expansion for a topological space X and show that if the Cartesian product of two 
spaces X and Y admits an HPol*-expansion (strong HPol*-expansion) , which is the 
Cartesian product of HPol*-expansions (strong HPol*-expansions) of these spaces, 
then X X F is a product in the coarse shape category (strong coarse shape category). 
In particular, the Cartesian product of two compact Hausdorff spaces is a product 
in these categories. Finally, we show that the k-th shape groups and the k-th coarse 
shape groups commute with the product for every k E N. 

Definition 3.1. Let X be a topological space. An HP ol* -expansion of X is a mor- 
phism p* : X — )■ X m pro* -HTop, where X is an inverse system in HPol with the 
following property: 

For any inverse system Y in HPol and any morphism h* : X — t- Y m pro* -HTop, 
there exists a unique morphism f * : X — t- Y m pro* -HTop such that h* = f*p*. 

Remark 3.2. Let p* : X — )■ X and q* : F — )■ Y &e HPol* -expansions of X and Y 
respectively, for every morphism f : X ^ Y in HTop, there is a unique morphism 
f * : X — )■ Y m pro* -HTop such that the following diagram commutes in pro*-HTop. 



X i 


- X 


p* 




f* 


/ 


Y i 


- Y. 



(6) 



q* 



10 



// we take other HP of -expansions p'* : X — >■ X' and q'* : y — >■ Y', we obtain 
another morphism f* : X' ^ Y' in pro*-HTop such that f'*p'* — q'*/ and we 
have f* ~ f*. Hence every morphism f G HTop{X,Y) yields an equivalence class 
< [{*] > i.e. a coarse shape morphism F* : X ^ Y , we denoted by S*{f ). If we put 
S*{X) = X for every topological space X , we obtain a functor S* : HTop Sh* , 
called the coarse shape functor. 

Now, we intend to prove that X x F is a product in the coarse shape category 
with some conditions. First consider some notations. 

Let p* : X ^> X = (Xa,Paa', A) and q* : F Y = (F^, q^^',M) be mappings of 
pro*-HTop. Then X x Y = {Xx x Yj^^pxy x g^u^', A x M) is an inverse system and set 
of the mappings X 5^ : X xY ^ X^xYj^ form a mapping p*xq* : X xY ^ XxY 
of pro*-HTop. 

To define the canonical projection tt^ fix an index jj, G M. Let ^tt^ : X x Y ^ X 
be the mapping which consists of /'^ : A — )■ A x M by /^(A) = (A,/i) and set of 
mappings of projections ^tt^^ : XxxY^ ^ Xx, X E A. If is another index from M, 
then ''ttx and ^'t^x congruent mappings. Hence they induce the same morphism 
of pro*- HTop which is denoted by n^- 

Lemma 3.3. Let X and Y be inverse systems of spaces and (Z) be a rudimentary 
system. Let f* : (Z) — ?> X and g* : (Z) -^Y be morphisms of pro* -HTop, then there 
exists a unique morphism h* : {Z) ^ X x Y such that TTxh* = f* and n^^* — g*. 

Proof. Let f* and g* be given by mappings fx and 51". To prove existence of h*, 
consider the mapping h* = f * x g* : {Z) — )> X x Y of pro*-HTop, given by mappings 
hlx = fx^ a"^^- Z ^ Xxx Y^, (A, /i) G A X M. Note that, for (A, /x) G A x M, one 
has ^TTxxiK^) = fx hence TTxh* = f*. Analogously, tt^^* = g*. 

To prove uniqueness, assume that we have a morphism h* : (Z) — )• X x Y such 
that TTxh* = f* and n^h* — g*. Let h* is given by mappings : Z ^ XxxY^, where 
u = (A, fx). Note that /i" must be of the form = h'^ x h'l'^, where : Z Xx and 
h'l"" : Z — )■ Y^. Since ^tt^^/i" = /i^, we sec that the equality vrxh* = f* implies that 
h'^ ~ fx- Analogously, /i^" ~ 51^. However, this implies that = h'^x h'^J^ ~ fx 
and hence h* = f* x g*. □ 

Theorem 3.4. If X and Y admit H Pol* -expansions p* : X — > X and q* : F — )■ Y 
respectively such that p* x q* : X x F — )■ X x Y Z5 an HPol* -expansion, then X xY 
is a product in the coarse shape category. 

Proof. Let tix '■ X xY ^ X and tty '■ X xY ^ Y denote the canonical projections. 
We are going to show that X x Y with maps S*{7ix) and S*{tty) is a product in 
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Sh*. Let Z he a topological space and let F* : Z ^ X and G* : Z ^ Y he coarse 
shape morphisms. We must prove that there exists a unique coarse shape morphism 
H* : Z ^X xY such that S*{ttx)H* = F* and S*{tty)H* = G*. 

We will first prove uniqueness of H*. Assume that H* : Z ^ X x Y has the 
desired properties. Consider the Hpor-expansion p*xq*:Xxy— j-XxY and 
let h* : (Z) — )• X X Y be the morphism of pro*-HTop associated with H*. Similarly, 
consider the Hpol*-expansions p* : X — )■ X and q* : F — )■ Y and let f * : (Z) — )■ X and 
g* : (Z) — i- Y be morphisms of pro*-HTop associated with F* and G*, respectively. 
Note that the canonical projection '^Tt'xx '■ ^ ^ satisfies the equality 
''^Xa(Pa ^ I'll) = Pa^x; n e N. Therefore 7i^{p* x q*) = p*nx i.e. the 

following diagram is commutative: 

X X Y < X xY 

p* xq* 

(7) 

X < X. 

p* 

It follows by Remark l3.2l that S*{7rx) =< t^x. > i-^- morphism vr^ is associated 
with the shape morphism S*{'n'x) and so the morphism n^h* is associated with the 
shape morphism S*{itx)H* = F*. However, we already know that f* is associated 
with F*. Consequently, Tt^^h* = f*. 

An analogous argument shows that vTYh* = g*. We now apply Lemma (3.31 and 
conclude that h* is unique. However, this implies that also H* is unique, because it 
is associated with h*. 

To prove existence of H*, choose f* and g* as above and put h* = f* x g*. 
Then define H* : Z ^ X x Y as the coarse shape morphism associated with h*. 
Arguing as before, vr^h* is associated with S*{'Kx)H*. By Lemma IX^ Tr^h* = f*. 
Consequently, S*{itx)H* is associated with f*. Since also F* is associated with f*, 
we conclude that S*{nx)H* = F*. Analogously, S*{tty)H* = G*. □ 

Now, we want to see that if p* and q* are HPol*-expansions, then in which 
conditions p* x q* : X x F — )• X x Y is an HPol*-expansion. For this end we prove 
some general results on expansions of products. 

Theorem 3.5. Let p* : X ^ X. be an HP ol* -expansion, ifY is a compact Hausdorff, 
then p*xl:XxF— j-XxFzsan H Pol* -expansion. 

Proof. Let P = {Pu,r^,yr,N) he an inverse system in HPol and let h* : X x F — )• P 
given by {h, /i") be a morphism of pro*-HTop. We consider the map h* : X — )■ P^ 



TTX 
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given by {h,h'^), where /i" : X — )■ Pj is given by h^{x){y) = h^{x,y) for every 
(x, y) G X X y . Since Py is a polyhedra for every v & N and F is a compact 
Hausdorff, Pj is a polyhedra by [sl, Theorem 1]. Thus is an inverse system in 
HPol. Since p* : X — X is an HPol*-expansion, there exists a map f * : X — )■ of 
pro*-HTop such that f *p* = h*. Let f * be given by (/, /"), then f * : X x F -)■ P 
induced by (/, /") which f : N A and /" : X/(;^) x F — )■ Pj, is a morphism of 
pro*-HTop such that f*(p* x 1) = h*. Therefore p*xl:XxF— ^XxFisan 
HPol*-expansion. □ 

Note that the morphism p* : X — )■ X is given by a set of mappings : X — > Xa, 
for A G A and n G N such that there exists G N with pwPy = Px for every k' > k. 
The following theorem is an equivalent definition of an HPol*-expansion. 

Theorem 3.6. Let X be a topological space. A morphism p* : X — )■ X zs an HPol*- 
expansion of X if and only if for every polyhedron P it has the following properties: 
(CI) For every set of mappings /i" : X — > P, there is X E A, m E N and a set of 
mappings f^ : X\ — )■ P such that f^p^ — h"^ for every m' >m. 
(C2) Whenever for a A G A and for two sets of mappings f^, /" : Xx — t- P there 
exists G N which the mappings /g p^ and p'l are homotopic for every k' > k, 
then there exists A' > A and m G N such that the mappings /™ pxx' one? /{" pxx' o'^e 
homotopic for every m' > m. 

Proof. Let p* : X — )■ X be an HPol*-expansion of X and P be a polyhedron. We 
must verify conditions (CI) and (C2). Let /i" : X — )■ P, ri G N, be a set of mappings. 
This maps induce a map h* : (X) — )■ (P) of pro*-HTop. Since p* is an HPol*- 
expansion, there exists a unique morphism f* : X — )■ (P) of pro*-HTop such that 
h* = f*p*. So there exists A G A and m G N such that /'"p™ — ^™ every 
m' > m. To verify the property (C2), let /" : X^ — ?■ (P) be two sets of mappings 
and let there is A; G N which the mappings /q p\ and f^ p\ are homotopic for every 
k' > k. This maps induce two maps fo,fi : X — )■ (P) of pro*-HTop such that 
fgp* = fiP*. By uniqueness it follows that fp = f{ i.e. there exist A' > A and m G N 
such that f^ p'^y ~ /{" p'^y for every m' > m. 

Conversely, let Y = (y^, g^^/, M) be an inverse system in HPol and h* : X — )• Y 
be a morphism of pro*-HTop determined hj h"^ : X ^ Y^. By the property (CI) 
there is A G A, G N and a set of mappings : Xa — )■ such that f^' p^' — h"^' 
for every m' > m^j,. We define / : M — )■ A by /(yu) = A and claim that the morphisms 

: Xj(^) — )■ Y^ determine a morphism f* : X — > Y. 

To proof the claim, for /x' > /i we have, f^fj' P^l^i) — h^' for every m' > m^/. Put 
mo = max{m^,m^/}. Then for every m' > rriQ we have 
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£m' m' ^ im' ^ im' ^ em' m' 

9^MM'V — W^-A*' — % — /a* 

Let A > /(/i), fifJ-'), then there is mi G N such that for every m' > mi, Pf(^')xp'^' — 
V^i^^i) and there is m2 G N such that for every m' > m2, Pf{^)xP^ — Now, if 

put m = max{mo, mi, 7712}, then for every m' > m we have 

„ fn' m' fm' ^m' 

?mm'/m' P/(m')aPa - /m Pf(p)^Px ■ 

By property (C2), there exist A' > A and /cq G N such that the mappings Qimim' fll'pf(fi')x' 
and f'^Pf(fi)\i are homotopic for every k' > ko. □ 

Theorem 3.7. Lei 1 x q* : X x F ^ X x Y anc? p* x 1 : X x Y;. ^ X x 

be HPol* -expansions for every /i G M. Then p* x q* : X x F — > X x Y zs an 
HPol* - expansion. 

Proof. We must verify conditions (CI) and (C2) for p* x q*. Let P be a polyhedra 
and let : X X y — )• P, n G N, be a set of mappings. By property (CI) for 
lxq*:Xxy— >XxY, there exist /io G M, mg G N and a set of mappings 
: X X F^,, — )■ P, A; G N, such that ^('"0(1 x q^°) ~ /i"o for every mj, > mg. By 
property (CI) for p* x 1 : X x — > X x Y^^, there exist Aq G A, mi G N and a 

set of mappings /'^ : Xa^ x Y^^ — )■ P, A; G N, such that (p™^^ x 1) ~ g^'^ for every 
m'l > mi. Put m = max{mQ, mi}. It follows that for every m' > m, f^'{Pxl x g™') = 

/™'(p™o' X X C') - ^""'(^ ^ C') - Therefore /™'(p^J x g;^^) ~ K^' . This 
estabhshes property (CI). 

To estabhsh the property (C2), consider X e A, fi e M and let /g , /f : Xa x Y^ — 
P be two sets of morphisms such that there exists /ci G N that /o(pa ^ Q'^) — 
/^(Pa ^ ifi) every > ki. Consider the mapping g^ = fl^^Px x 1) : X x — > P, 

1 = 0,1. Note that (1 x g;^) = /f (p^ x g;^) : X x F ^ P and thus ^^(1 x gj) 
is homotopic to gi{l x g^) for every k > ki. Since lxq*:XxF— j-XxYis 
an HPol*-expansion, property (C2) for 1 x q* yields fi' > fi and mi G N such that 
^™'(1 X C^') - ^r'(l X Cm') for every m' > mi i.e. fS^'ip'^' x g™^,) ~ fl^'ip"^' x g;^^,). 
Note that p^xg;^^, = (1 xg;:^,)(PA X 1)-^ Then putting fc," = /^(Ixg;^^,) : XaxF^ -> P, 

2 = 0, 1, we have fc™ (p™ x 1) A;^ (p™ x 1) for every m' > mi. Now, property 
(C2) for p* X 1 : X X F^/ — ^ X X F^/ yields an index A' > A and m G N such that 
f^o^'iPTx' X 1) ^ ^T' i.Pxx' X 1), for every m' >m. But k'^ip^^, x 1) = fiip^x' x q^^i) and 
we obtain f^^'ip^y x I'/^^i) and /™'(Paa' x 9^') are homotopic, for every m' > m. □ 

The following result is a consequence of Theorems 13. 4[ 13.51 and 13.71 
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Corollary 3.8. If X and Y are compact Hausdorff spaces. Then X xY is a product 
in the coarse shape category Sh* . 

In the rest of the paper we intend to obtain the same results as above results 
in the strong coarse shape category. We will show that X x Y is a. product in the 
strong coarse shape category with some conditions. 

Lemma 3.9. Let X and Y be inverse systems of spaces and {Z) be a rudimentary 
system. Let [f*] : {Z) — )■ X and [g*] : {Z) Y be morphisms of CCH, then there 
exists a unique morphism [h*] : {Z) — t- X x Y such that C*{TT^)[h.*] = [f*] and 
C*in*^)[h*] = [g*]. 

Proof. First note that there is no loss of generality if we assume that the indexing 
sets A and M have initial elements A* and yU*, respectively 0, Corollary 2]. 

Let f* : (Z) —7- X and g* : (Z) — )■ Y be coarse coherent mappings given by 

: Z X A™ ^ Xao, A G A„ and g^^ : Z x Y^,,, e M^, respectively. They 

determine a mapping h* : (Z) — )■ X x Y given by the mappings = f^ x g^ : 
Z X A"^ ^ Xxo X Yf,^, where u = X x = ((Aq, /io), (Am,/^™)) G (A x M)m for 
A = (Ao, Am) G Am and /i = (/io, •••,/im) € Mm- Now, we must verify that h* is also 
a coarse coherent mapping. For this, since f* and g* are coarse coherent mappings, 
there exist ni, n2 G N such that Equation ([2]) holds for and g^ for every n' > rii 
and n" > n2. By putting n = max {rii, 77,2} and using the proof of 0, Corollary 2], 
one can see that hp satisfies in Equation ([2]) and so h* = f* x g* : {Z) — > X x Y is 
a coarse coherent map. 

To verify that C*(7rx)[h*] = [f*], recall that a representative of tt^ is the mapping 
^*7rx, which consists of the index function A 1— )■ (A,/i*) and of the first projections 
^*7r^^ : Xx X F^^ -)■ Xx, A G A. Therefore the composition C*(7rx)[h*] has as 
representative the coarse coherent mapping k* : (Z) — )■ X given by the mappings 
fcf : Z X A- ^ Xx„ where = T^x.hl^^-^ = 7rx,„(/f x g^) = f^ and /J. = 
/i*). Consequently k* = f* and hence C*(7rx)[h*] = [k*] = [f*]. The equality 
C*(7rY)[h*] = [g*] is verified analogously. 

Now, we show that [h*] is unique. Assume that f* : (Z) — )■ X, g* : (Z) — )■ Y 
and h* : (Z) — )■ X x Y are coarse coherent maps such that C*(7rx)[h*] = [f*] and 
C*(7rY)[h*] = [g*]. We must show that [h*] = [f* x g*]. It suffices to exhibit two 
coarse coherent mappings k'* : {Z) — > X and k"* : (Z) — t- Y such that [k'*] = [f*], 
[k"*] = [g*] and the coarse coherent mapping k* = k'* x k"* : {Z) — )■ X x Y has the 
property that [k*] = [h*]. 

We define k'* : (Z) X by A;^" : Z x A™ ^ Xx„ A = (Aq, A^), which defined 
by k'£ = TTxxgh^y. where /I* = (/x^,, /x^) and k"* : (Z) — )■ Y consists of fc^'" : 
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Z X A"" ^ Y^^, /i = (/io, ...,Hm), defined by = T^Y^^^h}^^., where A* = (A*, A,). 
By similar argument of 0, Corollary 2], one can show that the equalities [k'*] = [f*], 
[k"*] = [g*] and [k*] = [h*] are hold. □ 

Theorem 3.10. // X and Y admit strong HP ot -expansions p* : X — )■ X and 

q* : F — )■ Y respectively such that p*xq*:XxF— )-XxYzsa strong HPol*- 
expansion, then X x Y is a product in the strong coarse shape category. 

Proof. Let ttx '■ X x Y ^ X and vry : X x F — > F denote the canonical projections. 
We want to show that X x F with maps S*{7Tx) and S*{tty) is a product in SSh*. 
Let Z he a topological space and let F* : Z ^ X and G* : Z ^ Y he strong coarse 
shape morphisms. We must prove that there exists a unique strong coarse shape 
morphism H* : Z ^ X x Y such that S*{ttx)H* = F* and S*{nY)H* = G*. 

We will first prove uniqueness of H*. Assume that H* : Z ^ X x Y has the 
desired properties. Consider the strong Hpol*-expansion p*xq*:Xxy— j-XxY 
and let [h*] : (Z) — )■ X x Y be the morphism of CCH associated with H*. Similarly, 
consider the strong HpoF-expansions p* : X — )■ X and q* : F — )■ Y and let [f*] : 
(Z) — )■ X and [g*] : (Z) — )■ Y be morphisms of CCH associated with F* and G*, 
respectively. By applying the functor C* on Diagram ([7]), we have C* {71^)0* {p* x 
q*) = C*(p*)7rx. It follows by Remark O that S*{ttx) =< C*{tt^) > and so 
the morphism C*(7rx)[h*] is associated with the shape morphism S*{'Kx)H* = F*. 
However, we know that [f*] is associated with F. Consequently, C*(7rx)[h*] = [f*]. 
An analogous argument shows that C*(7rY)[h*] = [g*]. We now apply Lemma 13.91 
and conclude that [h*] is unique. 

To prove existence of H*, choose f* and g* as above and put h* = f* x g*. 
Then define H* : Z ^ X xY as the strong coarse shape morphism associated with 
[h*]. Arguing as before, C*(7rx)[h*] is associated with S*{nx)H*. By Lemma [3l9l 
C*(7rx)[h*] = [f*]. Consequently S*{Trx)H* is associated with [f*]. Also, since F* is 
associated with [f*], we conclude that S*{ttx)H* = F*. Analogously, S*{hy)H* = 
G*. □ 

Now, we explain two conditions (SCI) and (SC2) for a morphism p* : X — )■ X 
and polyhedron P which are equivalent to the definition of strong HPol*-expansion 
for a topological space X (Definition 12. 6p . 
(SC1)=(C1), 

(SC2) For A G A, let f^, /f : Xx — )■ P be two sets of mappings and let there exists 
ken such that F''' : X X / — )■ P be a homotopy which connects fg'px to fiPx for 
every k' > k. Then there exist A' > A and m G N such that for every m' > m there 
exists a homotopy H"^ : Xy x I ^ P which connects f^pw to /{"paa', and there 
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is a homotopy M™' : X x I x I ^ P which connects H"^' {Py' x I) to F"^' and is 
stationary on X x dL 

Theorem 3.11. Let p* : X — > X satisfies in conditions (SCI) and (SC2) and let Y 
he a compact Hausdorjf space. Then p*xl:XxF— >XxFzs also satisfies in 
conditions (SCI) and (SC2). 

Proof. By converting map / iXxF— j-Pto/iX— and note that if P 
is a polyhedron and y is a compact Hausdorff space, then P^ is a polyhedron [sl, 
Theorem 1], the result holds (see 0, Theorem 7.5]). □ 

Theorem 3.12. Let X he a topological space. A morphism p* : X — > X zs a strong 
HP ol* -expansion of X if and only if for every polyhedron P, it has the properties 
(SCI) and (SC2). 

Proof. To proof the theorem, we need the m-dimensional version, m > 1, of property 
(SC2). For a mapping p* : X — )■ X and polyhedron P, this is the following statement. 
(SC2)'" If A G A and : X^x SA" ^ P, : X x A"* P are mappings that 
there exists A; G N such that for every k' > k, 

then there exist A' > A and m G N such that for every m' > m there exists a 
homotopy H^' : Xy x A™ — )■ P such that 

H"" IxAxaA™ = [pxy x 1), 

fP"'(p5;;' X 1) ~ P'^'(re/(X X aA"^)). 

Note that property (SC2)^ coincides with (SC2). 

Now, let p* satisfies in conditions (SCI) and (SC2). By the same argument of 
0, Lemma 8.3] and using Theorem 13. m one can show that p* has property (802)"^, 
for every m > 1. Then by the same argument of 0, Lemma 8.5] and [2, Lemma 8.6], 
p* : X — )■ X has the following property: 

For every inverse system Y in HPol and every morphism [f*] : X — )■ Y of CCH, 
there exists a unique morphism [h*] : X — )■ Y of CCH such that [f*] = [h*]C*(p*). 
Therefore the map p* is a strong HPoF-expansion of X. The converse is similar to 
the proof of 0, Theorem 8.2]. □ 

Now, we will to see that if p* and q* are strong HPol*-expansions, then in which 
conditions p*xq*:Xxy— j-XxYisa strong HPol*-expansion. 
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Corollary 3.13. Let p* : X — t- X &e a strong HPol* -expansion, if Y is a compact 
Hausdorff, then p*xl:Xxy— j^Xxl^zsa strong HPol* -expansion. 

Proof. This is an immediate consequence of Theorems 13.111 and 13. 12[ Also, by similar 
argument of the proof of Theorem 13.51 and by applying the universal property of 
strong HPol*-expansion p* : X — )■ X the result holds. □ 

Theorem 3.14. Lei 1 x q* : X x F ^ X x Y anc? p* x 1 : X x Y;, ^ X x Y^, &e 

strong HPol* -expansions, for every n G M. Then p*xq*:Xxy— )-XxYzsa 
strong HPol* -expansion. 

Proof. We must verify conditions (SCI) and (SC2) for p* x q*. The verification of 
condition (SC1) = (C1) performed in the proof of Theorem 13.71 It thus remains to 
verify (SC2). To establish this property, let A G A, G M and let /q", : Xa x Y^, 
P be two sets of morphisms and let there exists /c G N that :Xxyx/— j-Pbea 
homotopy which connects /q {p\ xq^) to {p^ x ) for every k' > k. Consider the 
mapping = f^ip^ x 1) : X x — )■ P, i = 0, 1. Since g^{l x g^) = /"(p^ ^ 5'^) we 
see that the homotopy F^' also connects g^i^ x g^') to 5'f'(l x g^'). By the property 
(SC2) for 1 X q* : X X F — )■ X X Y there exist jJ,' > fi and mi G N such that for every 
m' > mi there exists a homotopy H"^ : X xY^/ x I ^ P which connects (yf™ (1 x g^^') 
to g^ (1 X q^n>). Moreover, there exists a homotopy M™" :XxYxIxI^P which 
connects if™ (1 x g^ x 1) to F'"^ which is stationary on X x F x dL Now, consider 
the mappings fc" = /"(I x q^^r) : Xx x Y^i P , i = 0, 1. Note that /c"(p" x 1) = 
(7"(1 X g^^'), z = 0, 1. Therefore, if™"' also connects k^' {p^' x 1) to k^' {p^' x 1) for 
every m' > mi. Consequently, property (SC2) for p* x 1 : X x F^/ — > X x Y"^/ yields 
an index A' > A and m2 G N such that for every m' > m2 there exists a homotopy 
K"^' : Xx' xY^ixI ^ P which connects k"^' {p^y x 1) to k"^' {p^y x 1) and a homotopy 
X™' : X xY X I X I ^ P which connects K'^' {p^' x 1 x 1) to H"^' which is stationary 
on X X Y^/ X dL Since k'^{pxx' x 1) = f^{px\' x g^^'), we see that K'^' connects 
f^'iPxx' X g^^O to ffipxx' X g^^O- Clearly X™'(1 xg-'xlxl):Xxrx/x/^P 
connects K^' {py' x 1 x 1)(1 x g^' x 1) to _fP"'(l x g™' x 1) and is stationary on 
X X y X dL Now, put m = max{mi,m2}. Consequently, the juxtaposition of 
homotopies N"^ (1 x g^ x 1 x 1) *M™' is a homotopy on X x F x J which is stationary 
on X X F X 9/ and connects K"''' {py' x q^' x 1) to F"^' for every m' > m. □ 

The following result is a consequence of Theorems I3.10[ 13.141 and Corollary 13.131 

Corollary 3.15. If X and Y are compact Hausdorff spaces, then X xY is a product 
in the strong coarse shape category SSh* . 
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Theorem 3.16. Let X xY be a product of topological spaces X and Y in Sh* , then 
7rl{X xY) = 7r*(X) x 7r*(y), for every keN. 

Proof. Let S*{ttx) : X x Y ^ X and iS*(7ry) : X x Y ^ Y he the induced coarse 
shape morphisms of canonical projections and assume that (px '■ ^li-^ xY) ^ ^li-^) 
and 0y : nl{X x Y) — )■ TfliY) be the induced homomorphisms by S*{7ix) and 
5*(7ry), respectively. Then there is a homomorphism (j) = (</)x,0y) : T^li-^ x Y) ^ 
7r|(X) X frl(Y). We define homomorphism ip : 7r^(X) x 7r^(F) 7rfc(X x F) by 
tp{[F%[G*]) = [{F*,G*)] where {F*,G*) : I ^ X x Y is a unique coarse shape 
morphism that S*{nx){F*,G*) = F* and 5*(7ry)(F*, G*) = G* since X x F is a 
product in Sh*. Indeed, if F* =< f* = {f,fx) > and G* =< g* = {g,g'^) >, then 
=< (f*,g*) >, where (f*,g*) is given by {f^g^,^ = f^ x g^ : I ^ X^ xY, 
(see Theorem 13. 4p . Note that the homomorphism ip is well define. Infact, if HI =< 
hi >: F* ~ F'* and H2 =< ha >: G* ~ G'*, then the coarse shape morphism 
H* : I X I ^ X X Y which is associated by h* = h^ x connects the coarse shape 
morphism {F*, G*) to {F'*, G'*). It is routine to check that and ip are inverse. □ 

Remark 3.17. (i) By a similar argument to the above theorem, ifXxY is a product 
of topological spaces X and Y in Sh, then fCk^X x Y) = iTk^X) x fCk{Y), for every 
keN. 

(a) If X and Y are compact Hausdorff spaces, then X xY is a product in Sh* and 
Sh by Corollaru \3.8\ and fd. Theorem 10], respectively. Therefore in this case nk and 
nl commute with product, for every k E N. 
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